ANALYTIC INTEGRABILITY OF THE BIANCHI CLASS A 
COSMOLOGICAL MODELS WITH 0<k<l 



ANTONI FERRAGUT\ JAUME LLIBRE^ AND CHARA PANTAZI^^ 



Abstract. There are many works studying the integrabihty of the Bianchi class A cos- 
mologies with k = 1. Here we characterize the analytic integrabihty of the Bianchi class 
A cosmological models when < fc < 1. 



1. Introduction 

Bianchi models describe space-times wliich are foliated by homogeneous (and so we have 
three dimensional Lie algebras) hypersurfaces of constant time. Bianchi [H [2] was the first 
i to classify three dimensional Lie algebras which are nonisomorphic. There are nine types 

of models according to the dimension n of the derivative subalgebra: 

(a) n = 0: type I; 

(b) n = 1: types II, III; 

(c) n = 2: types IV, V, VI, VII; 

(d) n = 3: types VIII, IX. 

If we consider Xi , X2 , X3 an appropriate basis of the 3-dimensional Lie Algebra, then 
the classification depends on a scalar a G M and a vector (ni, n2, ns), with Ui £ {+1, —1,0} 
such that 

[Xi,X2] = 713X3, [X2,X3] = niXi - aX2, [X^^X^] = n^X^ + aX^ 

where [, ] is the Lie bracket. In particular for a = we obtain models of class A and for a 7^ 
we obtain models of class B. A good reference for the Bianchi models is Bogoyavlensky [3]. 

In a cosmological model Einstein's equations connect the geometry of the space-time 
with the properties of the matter. The matter occupying the space-time is determined by 
the stress energy tensor of the matter. In our study we follow [3] and we consider the 
hydrodynamical tensor of the matter. We will work with an equation of state of matter 
of the form p = ke, where e is the energy density of the matter, p is the pressure and 
< A; < 1, see also [3]. The case /c = 1 is studied in [5]. Here we consider the case where 
< A; < L 

Following [3] the Einstein equations for the homogenous cosmologies of class A without 
motion of matter can be formalized as a Hamiltonian system in the phase space Pi,qi for 
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i = 1,2,3 with the Hamiltonian function 



(91^2^3)" 



2 



4 



Here T is the kinetic energy (not positive defined) and Vq is the potential. According to 
[3] (Section 4 of Chapter II) the kinetic and the potential energy are given, respectively, by 



3 3 
T(j)iqi) = 2Y, PiPjQiqj - E Phh 

i<j 1=1 
3 3 
Vciqi) = 2 niUjqiqj - nfqf, 

i<j 1=1 



for {1,2,3}. 

We consider the Hamiltonian system 

. _dH . _ dH 

qi — t; , Pi — , 
opi oqi 

where the dot denotes derivative with respect to the time t. More precisely, the Hamiltonian 
system is 

k-l 

qi =2qi{qiq2q3) = (-pigi + ^292 + Paga), 
(72 =2g2((?i 17293) 2 (piqi - P2q2 + psq:i), 

173 =2g3(<7i 17293) 2 (pigi +P2g2 -P3'73), 

fc-i / 1 \ 1 — k 

Pi = - (qig2g3)~2~ f 2pi(-piQi +P2q2 +P3'73) + -ni{-niqi + 712^2 + n^q-i) \ + H, 

P2 = — (51(72173)"^ ( 2p2(pigi -P2g2 +P3<73) + ^"-2(nigi - 7-1292 + 7l3<73) ) + ^——^H, 

\ 2 J 2q2 

k-l f 1 \ l — k 

P3 = - (qig2(?3) 2 I 2p3(pi(7i +P2g2 -P3'?3) + -n-i{nxq-i + 71292 - 71393) 1 + -H". 

Note that the constants ni,n2,n-s determine the type of the model according to Table [TJ 

l~k 

After the change of coordinates ds = {qiq2qz)^^ dt, qi = Xi, pi = Xi+3/{2xi), i = 1, 2, 3, we 
obtain the quadratic homogeneous polynomial differential system 

Xl = Xi{-X4 + X5 + Xq), 
±2 = X2{X4- X5 + Xq), 
±3 = X3{X4 + X5 - Xq), 

Xi = nixi(nixi - 712X2 - n^x^) + 

^5 = n2X2{-nixi + n2X2 - nsxs) + -^F, 

^6 = n3Xz{-niXi-n2X2 + 713x3) + ^ F, 



Type 


I 


II 


VIo 


VIIo 


VIII 


IX 


a 




















ni 





1 


1 


1 


1 


1 


n2 








-1 


1 


1 


1 


ns 














-1 


1 



Table 1. The classification of Bianchi class A cosmologies. 



ANALYTIC INTEGRABILITY OF BIANCHI MODELS 



3 



where 

F =n?x? + rioXo + nixi — 2ni nox^ xr> — 2ni n^^xi X3 — 2^2^3X2X3 

(2) 



+ X4 + X5 + Xg — 2x4X5 — 2x5X6 — 2x4X6. 

Note that system ([1]) is a homogeneous polynomial differential system of degree 2. The 
Hamiltonian H becomes after the changes of variables the first integral 

fc-i 

Ti =(xiX2X3) 2 F 

= {xiX2X^)^2~ {^riiXi + ^2X2 + n^x^ — 2nin2XiX2 — 271171,3X1X3 l-jj 
- 2712713X2X3 + X4 + X5 + Xg - 2x4X5 - 2x5X6 - 2x4X6) 

of system ([1]). 

Let U be an open and dense subset of M^. Then we recall that system ([T]) has a first 
integral : ?7 — )■ M if ^ is a non-constant C^-function such that 

. dn . dn ^ 

a^iT^ \ h X6^ — = 0. 

axi oxq 

Many authors have studied some models of Class A for the case k = 1 considering 
different types of integrability, see for exemple [4-8, 10-15]. In this work we study the 
analytic integrability of all Bianchi models of class A in the variables (xi, X2, X3, X4, X5, xg) 
for < A; < 1. The following result is well known, see for instance 0. 

Proposition 1. Let F be an analytic function and let F = Fi be its decomposition into 
homogeneous polynomials of degree i. Then F is an analytic first integral of the homoge- 
neous differential system ([I]) if and only if Fi is a homogeneous polynomial first integral of 
system ^ for all i. 

A differential system of n variables is completely integrable if it admits n—1 independent 
first integrals. 

According to Proposition [1] the study of the analytic first integrals of the homogeneous 
system ([1]) is reduced to the study of its polynomial homogeneous first integrals. The main 
result of this paper is the characterization of the polynomial first integrals of the Bianchi 
models of class A. Section [2] provides three technical lemmas that we will use in Section [3] 
to prove the following theorem. 

Theorem 2. For < k < 1 the following statements hold. 

(a) The Bianchi type I model is completely integrable. 

(b) The Bianchi type II model has the polynomial first integral K = X5 — xg. This model 
does not admit any additional polynomial first integral independent from % and K . 

(c) The Bianchi type VIq and VIIq models have no polynomial first integrals. 

(d) The Bianchi type VIII and IX models have no polynomial first integrals. 

Statement (a) of Theorem [2] apparently is well known for people working in the area, but 
we cannot find a reference where it is proved. 



2. Some auxiliary lemmas 
In order to prove Theorem [2] we shall use the following three lemmas. 
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Lemma 3 (see [8]). Let Xk he a one- dimensional variable, k G {l,...,n}, n > 1 and 
let f = f{xi, . . . ,Xn) be a polynomial. For I G {I,-"" i'^} ^^'d cq a constant let fi = 
/(xi,... 

T Xn)\xi=co- Then there exists a polynomial g — g(^xi, . . . ,Xn) such that f — /; + 
{xi - co)g. 

Lemma 4. Let g = g{x4,x^,XQ) be a homogeneous polynomial solution of the homogeneous 
partial differential equation 

, X k - I ^ ( dg dg dg \ ^ , ^ , 

(aiX4 + a,x, + a,x,)g + ^F,,, + ^ + = 0, (4) 

where F123 = x\ + x^ + x^ — 2(^4X5 + X4X6 + x^x%) and 01,02,03 G M are such that 
(oi - 02)^ + (ai - 03)^ / 0. Then g = 0. 

Proof. The general solution of equation (jl]) is 

/ s A1+A2 / s A1-A2 

( — X4 — X5 — + 2v Aj ( X4 + X5 + .Tg + 2v A j , 

where Ai = 2(ai + 02 + a3)/(3(fc - 1)), A2 = ((2ai - 02 - 03)^4 + (-oi + 2a2 - 03)^5 + 
(— oi — 02 + 2o3)x6)/(3(/c — 1)\/A), a = x| + X5 + Xg — X4X5 — X4X6 — X5X6 and / is an 
arbitrary function. We note that g' is a polynomial if and only if Ai G N, A2 = and / is 
a polynomial. In particular, the relation A2 = is equivalent to the linear system 

02 
03 

The solution of this system is ai = 02 = 03. This cannot happen by assumption. Therefore 
g is not a polynomial unless g = 0. □ 

Lemma 5. Let g = g{x4,x^,XQ) and h = h{x/^ — x^,X4 — xg) be homogeneous polynomials 
of respective degrees n — 2 and n such that 

k — 1 „ f dq dq dq \ dh 
2(,. + _,.,3(^_A + _A + _Aj+_ = 0, (5) 

where F123 = X4 + Xg + Xg — 2(x4X5 + X4X6 + xsxe). Then h = h{xi — xg) and g = 0. 

Proof. Let h = o-ii^^ — X5)*(x4 — xg)""* and g = Yl ^ij^i^i^e Suppose that 

1=0 i+j=0 

g ^ 0. Forcing that the solution of ([5|) be a polynomial, Mathematica (see [16]) shows that 
g is of the form 

3(X4, X5, Xe) = — ^ / dX4 + /(X4 - X5, X4 - Xe), 

l-k J F123 

dh , . 

where / is a homogeneous polynomial, h^ = — — and the integral is to be a polynomial. 

5X5 

Let ^1 = y^and ^2 = y/x^+y/x^. Under this notation F123 = {xi—A^){xi—A^). 

The fraction inside the above integral can be written as 

h^ ^ ^ I ( X2 





F123 Al-Al \xi-Al x^-Al, 

where = Xo(x4, Ai, A2), X\ = Xi{Ai, A2) and X2 = ^2(^1,^2) are homogeneous 
polynomials. The integrals of the fractions in the right hand side with respect to X4 are 
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Xjlog(x4 — Af), i = 1,2; hence Xi and X2 must be identically zero. Xi = and ^2 = 
have the same solutions ai, . . . , On because of symmetry. Indeed Xi = (or X2 = 0) reduces 
to 5„ = 0, where 

n 

4 = 1 

We note that we have the recursive equality 

Sn = {3Ai - A2){Ai + A2)Sn-i + {3Ai + ^2)"-'(Ai - A2r-^n a„. 

On Ai = —A2 (or equivalently on X5 = 0) we have nA^~^ Al^~'^ = 0, and hence we have 
a„ = 0. Induction arguments prove that S'n = implies ai = • • • = a„ = 0. Therefore 
/15 = 0, which means that equation ([5|) is a particular case of equation and then by 
Lemma m we get 5 = and then we are finished. □ 



3. Proof of Theorem [2] 
In this section we prove the four statements of Theorem [2l 

3.1. Proof of statement (a) of Theorem [2l According to Tabled] the Bianchi cosmo- 
logical model I is obtained for ni = n2 = = 0. System ([1]) becomes 

xi =xi{-Xi + X5 + xe), 

X2 =X2{Xi - X5 + Xq), 
±3 =X3{Xi + X5- Xq), 

X4 =^F, (6) 
^5 = — 



k 




1 




4 




k 




1 




4 




k 




1 




4 





where F = (a;| + x'^ + Xq — 2x4X5 — 2x5X6 — 2x4X6). Straightforward computations show 
that system ^ has the five first integrals X4 — X5 , X4 — X6 , "H defined in ([3]) , 



X4 + X5+X6-2\/A \ ^ 
3^27 I X4 + X5+X6 + 2VA/ 



i-fc 
Xl N 2 



and 



X2 



l-k 

2 



X4 + X5+X6-2V^\ ^ 



X3J yx4 + X5 + X6 + 2\/Ay 

with A = xl+Xg+Xg — X4X5— X5X6 — X4X6. Note that the five first integrals are independent. 
Statement (a) is proved. 
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3.2. Prove of statement (b) of Theorem [2l The Bianchi cosmological model II is 
obtained for ni = 1 and n2 = = 0. System ([T]) writes as 

Xl =Xi(-X4 + X5 + Xq), 
±2 =X2(X4 - X5 + Xe), 
X?, =X:i{x4 + X5 - Xq), 

Xi =xl + ^^^F, (7) 
X, =^F, 
XQ =^F^ 

where F = x\ + x\ + x'^ + x"^ — 2x4X5 — 2x5X5 — 2x4X5. 

Let h = /i(xi, X2, X3, X4, X5, xg) be a homogeneous polynomial first integral of ([7]). Using 

Lemma [3] we can write h = /ii(x2, X3, X4, X5, xg) + x'{(7i(xi, X2, X3, X4, X5, xe), with j G N 
and hi and gi homogeneous polynomials such that xi\ gi. On xi = system ([7D becomes 

X2 =X2{X4 - X^+ Xq), 



xz 


=X3(X4 + X5 




k- 1 


X4 








X5 








Xq 


- 4 



(8) 



where Fi = F\x^=o. System ([8]) admits the two polynomial first integrals X4 — X5 and X5 — xe 
and the two non-polynomial first integrals 

X4 + X5 + X6 - ^ 

X4 + X5 + X6 + 2v A y 

and 

3(fc-l)^ /x4 + X5 + X6-2^/a\ ^ 



Y X4 + X5 + Xq + 2 V A y 

where A = x| + x| + Xg — X4X5 — X4X6 — xsxg- As these four first integrals of system ([8|) are 
independent and hi is a polynomial first integral of ([8|), we have hi = /ii(x4 — X5, X5 — xg). 

The following lemma ends the proof of statement (b) of Theorem [2j 
Lemma 6. For system d?]) we have that hi = hi{x^ — xq) and 51 = 0. 
Proof. Suppose that gi ^0. As /i is a first integral of ([7]), we have 



xi 



. , , , , 95^1 , , dgi 

j(-X4 + X5 + XQ)gi + Xi(-X4 + X5 + Xe)^ h X2(X4 - X5 + Xq)- 

oxi 0x2 



, / , -.dgi odgi k - 1 f dgi dgi dgi 

+X3(x4 + X5 - xe)^ h x^- \ —F h 7^ h ^— 

ax3 ax4 4 V 0x4 0x5 oxq 



+ x2^-0 



(9) 



ANALYTIC INTEGRABILITY OF BIANCHI MODELS 7 

We distinguish three cases depending on the value of j. If j = 1 then equation ([9]) 
becomes 

{-X4 + X5 + Xe)gi + Xi{-X4 + X5 + Xq)^^ + X2(X4 - X5 + xg)^P- 

OXi 0x2 

, , dg\ 2 k ~ ^ f 9gi dgi dgi \ dhi 

+ X3{X4 + X5 - Xq)- h Xi- \ —F h ^ h ^— + Xi-— = 0. 

OXs 0X4, 4 \aX4 OT5 OT6 / 0x4 

Let gi = gi\xi=o ^ 0. Equation ([9]) on xi = can be written as 

/ N _ / X dgi 

(-X4 + X5 + xejffi + X2(x4 - X5 + xe)^ — 

CX2 

/ , .dgi k-l fdgi dgi dgi\ 

+ X3(X4 + X5 - Xq)- \ —Fi h ^ h ^— = 0. 

ax3 4 \ ax4 (7x5 oxq J 

Write 51 = x'252 ^ 0, with / G N U {0} and X2 f 52- We get 

((-X4 + X5 + Xe) + /(X4 - X5 + X6))fl'2 + X2(X4 - X5 + Xe)^ 

CX2 

, , .dg2 k-1 f dg2 dg2 dg2 

+ X3(X4 + X5 - xe)^ \ — Fi h 7^ h ^ — 

ax3 4 ^0x4 0x5 oxq 

Let 52 = 521x2=0 ^ 0. On X2 = we have 

((-X4 + X5 + Xe) + /(X4 - X5 + XQ))g2 

dg2 k — 1 ( dg2 dg2 dg2 \ 

+ X3(X4 + X5 - Xq)- \ ■7—F12 ^ h ^ h ^— = 0, 

0x3 4 \ 0x4 ax5 axe / 

where F12 = -Fi|x2=o- Now we write 52 = x'^dz ^ 0, with m G N U {0} and X3 \ 53. We 
obtain 

((-X4 + X5 + Xq) + /(X4 - X5 + Xe) + m(x4 + X5 - X6))fl'3 

/ N <953 k — 1 ( dgs dg^ dg^ \ 

+ X3(x4 + X5 - xe)^ \ -7—F12 ^ h ^ h ^ = 0. 

ax3 4 \ 0x4 ax5 axg / 

Let 53 = 5312.3=0 ^ 0. On X3 = we have 

((-X4 + X5 + Xq) + /(X4 - X5 + Xe) + m(x4 + X5 - X6))53 
+ —^Fi23 i^ + ^ + T^) =0, 

4 \ 0x4 ax5 oxq J 

where -F123 = -F'i2U3=o- Applying Lemma[l]we get 53 = 0, which is a contradiction. Hence 

dhi 

we have gi = and therefore — — = 0. The lemma follows in this case. 

ax4 

If j > 2 then xi , and then 7-^ = 0. Now we can proceed in a similar way as in 

0x4 ax4 

the case j = 1 to prove that (71 = by using Lemma HI 
If J = 2 then equation ([9]) becomes 

dgi dgi 

2(-X4 + X5 + XQ)gi + Xi(-X4 + X5 + Xq)- h X2(X4 - X5 + Xq)- 

OXi 0x2 
, / , .dgi ndgi k-1 f dgi dgi dgi\ dhi 

+ X3(X4 + X5 - Xg)^ + Xi— + — — F — + — + — +— =0. 

0x3 ax4 4 V ax4 0x5 oxq J 0x4 
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Let gi = gi\xi=o ^ 0. Equation ([9]) on xi = can be written as 

2(-X4 + X5 + XQ)gi + X2(X4 -X5 + Xq)^^ 

0x2 

, dqi k — 1 ^ f dgi dgi dgi \ dhi 



dx^ 4 y 9x5 9xg y 9X4 

Write gi = x'252 ^ 0, with / G N U {0} and X2 f 52- We get 

(2(-X4 + X5 + xe) + /(x4 - X5 + X6))5'2 + X2{xi - X5 + xe)^ 

9X2 

/ N 9fl2 A; — 1 ^ / 9(72 9(72 9fl2 \ dhi 



9X3 4 \ 9X4 5x5 dxQ J 9X4 

dh 

If / > then — — = 0. Similar arguments to those used above lead to the desired result 

9x4 

after applying LemmaHl If / = 0, let ^2 = 92\x2=o ^ 0- On X2 = we have 

/ N _ / N dg2 k — 1 _ ( dg2 dg2 dg2 \ dhi 
2(-X4 + X5 + X6)5'2 + 2;3(x4 + X5 - xq)- \ ■7—F12 h h t;— + TT— = 0' 

9X3 4 \9X4 9X5 9X6 / 9X4 

where F12 = -Fi|a;2=o- Now we write 52 = x^g^ ^ 0, with m € N U {0} and X3 f 53. We 
obtain 

(2(-X4 + X5 + Xe) + m(x4 + X5 - X6))53 

f , sdgs k-1 fdgs dgs dg3\ dhi „ 

+ X3(X4 + X5 - xe)^ \ ^i^i2 ^ h ^ h ^— + ^— = 0. 

9x3 4 \9x4 9x5 9x6 / 9x4 

If m > then = 0. A gain the usual arguments lead to the desired result after applying 

9X4 

LemmaHl If m = 0, let ^3 = g3\x3=o ^ 0. On X3 = we have 

k — 1 ^ ( 9o3 993 903 \ dhi 

2(-X4 + X5 + X6)ff3 + —^Fi2Z T^ + /^ + 7f^ +7r^=0' 



^9X4 9X5 9X6 ) 9X4 

where F123 = ^^12! 2:3=0 • Applying Lemma [5] swapping X4 and X5 we get 33 = 0, which is a 

dh 

contradiction. Hence we have gi = ^ and therefore — — = 0. The lemma follows also in 

9X4 

this case. 

□ 

After Lemma[6l h = h{x^ — xe). Hence statement (b) of Theorem [2] follows. 

3.3. Proof of statement (c) of Theorem [2l According to Tabled! system ([1]) in cases 
VIq and VHq can be written as 

xi = xi(-X4 + X5 + Xe), 

X2 = 2;2(X4 - X5 + Xe), 
X3 = X3(X4 + X5 - Xe), 

X4 = xi(xi - 712X2) + ^ ^ ^ F, (10) 

X5 = n2X2(-xi + n2X2) H — F, 

A:- 1 
Xe = — — F, 
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where F = {xi — 722X2)^ + x| + X5 + Xg — 2x4X5 — 2x5X5 — 2x4X6 and n\ = 1. Suppose that 
system (llOp has a homogeneous polynomial first integral /i(xi, . . . ,xq). From Lemma[3]we 
can write h = /ii(x2, • • • ,x^) + x{g'i(xi, . . . jXg), with j € N and hi and gi homogeneous 
polynomials such that xi\ gi. System (jlOp on xi = is 

X2 = X2(X4 - X5 + Xe), 
X3 = X3(X4 + X5 - Xe), 

^- 1 ^ 

-^ = ^^- (U) 
2 k-l^ 

X^=X2^ 

where Fi = -F|a;i=o- We note that h\ is a first integral of system (jlip . Prom Lemma [3] we 
can write hi = /i2(x3, . . . , xg) + X252(x2, • • • , xe), with / G N and /12 and (72 homogeneous 
polynomials such that X2 f 92- System (jlip on X2 = writes 

= a;3(x4 + X5 - xe), 
xa = — — F12, 
x^ = — - — F12, 



k 




1 




4 




k 




1 




4 




k 




1 



X6 = — z — F-] 



12, 



where F12 = -^i|x2=o- We note that /12 is a first integral of system (|T2|) . Straightforward 
computations show that system (fT2]) has the three independent first integrals X4 — X5, X5 — xg 
and 



/x4 + X5 + X6-2\/A\ ^ 



^ X4 + X5 + X6 + 2\/A y 

where A = X4 + X5 + Xg — X4X5 — X4Xg — xsxe- Therefore /i2 = /i2(x4 — X5, X4 — xq). 

Lemma 7. For system (jlip we have that /12 = /i2(x4 — xe) a^^c? 52 = 0. 

Proof. Suppose that (72 ^ 0. As hi = h2 + X2g2 is a first integral of system ([TT]) . we can 
write 

Z(X4 - X5 + X6)g2 + X2(X4 - X5 + Xe)^ + X3(X4 + X5 - Xe)^ 

5X2 5X3 (^3^ 



2dg2 k-l ( dg2 dg2 dg2 



2^/12 



+ x^-^ = 0. 

5X5 



'5X5 4 \5X4 5X5 5X6, 

We distinguish three cases depending on the value of /. If / = 1 then equation (jl3p becomes 

(X4 - X5 + X6)g2 + X2(X4 - X5 + Xq)^^ + X3(x4 + X5 - Xe)^ 

5X2 5X3 

+ ^ ~ "^ Fi (^ + — + — ^ + X2— + x^^ = 

4 I 5X4 5X5 5X6/ 5X5 ^5X5 
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Let g2 = 5212:2=0 ^ 0. On X2 = we have 



dg2 k — 1 

[X4 -X5 + xe)g2 + X3{x4 + X5- X(i)- \ -;—Fi2 

0x3 4 

Write §2 = xl^gs ^ 0, with m G N U {0} and X3 f g^. Then 



dg2 _^ dg2_ _^ 
8x4 8x5 8xe 



dg3 



0. 



((x4 - X5 + xq) + m{x4 + X5- XQ))g3 + X3{x4 + X5- xe)- — 

8x3 



+ ——F12 



dgs _^ dg3_ _^ dgz 
8x4 8x5 8xt 



0. 



Let 53 = 93 



X3=0 



^ 0. On X3 = we get 



((x4 - X5 + xq) + m{x4 + - XQ))g3 + 



k-l 



123 



dgz ^ dg3_ _^ dg3_ 
8x4 8x5 8xe 



0, 



where F123 = -^12 1x3=0- Applying Lemma H] we obtain g^ = 0, which is a contradiction. 

8h 

Hence 52 = 0. Back to equation ()13p we have — — = 0. Then the lemma follows. 



8x5 



and thus 7—^ = 0. Therefore 

8x5 8x5 



If I > 2, then from equation ()13p we have that X2 

^2 = ^2(^4 ~ ^g)- Now we can proceed in a similar way as in the case / = 1 to obtain the 
equation 



{1{X4 - X5 + xq) + m{x4 + X5- XQ))g3 + 



k-l 



123 



dg3 ^ dg3_ ^ dgs 
8x4 8x5 8xq 



0. 



Applying again Lemma U] we arrive to contradiction and hence 52 = 0. 
If / = 2, then equation ([T3D writes as 

2{X4 - X5 + XQ)g2 + X2{X4 -X5 + Xq)^^ + X3{X4 + X5 - ^6)|^ 



+ 



k - I ( 8g2 dg2 dg2\ ^ 2 8g2 , 5/i2 



8x4 8x 



8x. 



' 8x5 8x^ 



Let g2 = 521x2=0 ^ 0. On X2 = we have 



/ ^- , ^ 8g2 k — 1 ( 8g2 8g2 8g2 \ 8h2 
2{X4 - X5 + XQ)g2 + X3{x4 + X5- xq)- \ -f^i2 ^ h h t;— + ^— 



'8x3 ' 4 \8x4 ~'~ 8x5 ~'~ 8x6 ) ~'~ 
Write 52 = ^^^53 ^ 0, with m G N U {0} and X3 f 53. Then 

(2(x4 - + xg) + m{x4 + X5- XQ))g3 + X3(x4 + X5 - xe)^ 

dX3 



A;- 1 

F12 



^53 553 

^ ^ ^ ^ P«53a;6 

ax4 OT5 



9/12 



We distinguish two cases depending on the value of m. If m > then X3 

8h2 



8h2 
9xr 



Hence 



8x5 



and /i2 = h2{x4 — xq). Now let 53 = 5312:3=0 ^ 0. On X3 = we obtain 



(2(X4 -X5+ Xq) + m{x4 + X5 - X6))53 + 



k-l 



F 



123 



dg3_ _^ 553 ^ 953 

8x4 9X5 9X6 



0. 



Applying Lemma H] we get a contradiction and hence 52 = 0. 
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If m = 0, let ^3 = 531x3=0 ^ 0. On X3 = we obtain 

k — 1 ^ ( dq% dq-x dq% \ dho 
4 \ OXi 0x5 OXq J 0x5 

dh 

Applying Lemma [S] we get — — = and 53 = 0, hence the lemma follows. 

0x5 

All the subcases are finished and therefore the lemma is proved. □ 

After Lemma [7] we have that h = /i2(x4 — xq) + x-[gi{xi, . . . ,xq), with j G N and xi \ gi. 
We recall that h is a first integral of system (jlOp . Thus 

j{-X4 + X5 + Xe)gi + Xl{-X4 + X5 + x^)- — 

0x1 

+ X2{x4 -X5 + xe)^^ + xs{x4 + X5 - xe)^ + xi{xi - n2X2)f^ (14) 
0x2 0x3 0x4 



.dgi k-l ( dgi dgi dgi 
-n2X2[xi - n2X2)^ \ — F h ^ h 7^ — 

aX5 4 \OX4 0X5 OXq 



dh2 

+ xi{xi - n2X2)-Q^ = 0. 



Lemma 8. For system (jlOp we have that /12 = and gi = 0. 

Proof. Suppose that gi ^ 0. We distinguish two cases depending on the value of j. If j > 1 
then from equation ()14p we have that xi 



dh 

— — , and hence /12 = 0. Therefore equation (IT 
0x4 



can be written as 

. , , , , dgi , , dg\ 

j{-X4 + X5+ X6)gi + Xi{-X4 + X5+ X6)-g^ + X2[X4 - X5 + ^6j^^ 

/ \ dgi , , dg\ , , dg\ 

+ 3^3(3^4 + X5 - Xq)- h - ^2X2)7^ n2X2(Xi - n2X2)-z 

0X3 0X4 0X5 

k — l^fdgi dgi dgi\ ^ 
4 \dx4 5x5 dxQ J 

Let gi = 511x1=0 ^ 0. Equation (fT4l) on xi = becomes 



J[-X4 + X5 + X6)5l +X2(X4 - X5 + Xq)- h X3(X4 + X5 - Xq)- 

0X2 0X3 



dgi ^ ^ ^dg 
)—+r - 
0x2 

^ ^2^91 ^ k- 1 ^ f dgi ^ dgi ^ dgi 
^5X5 4 \dx4 5X5 5X6 

Write gi = X252 ^ 0, with / G N U {0} and X2 f 52- We get 

{j{-X4 + X5 + Xq) + 1{X4 - X5 + X6))52 + 2;2(x4 - X5 + Xe)^ 

0x2 

I , .dg2 2^92 k-l [ dg2 dg2 ug2 . 

+ X3(X4 + X5 - Xq)- h XgT^ \ —Fi h -7^ h 75— = 0. 

ax3 0x5 4 \ax4 axs dxQ ' 
Let 52 = 52U'2=o ^ 0. Then, on X2 = we have 

{j{-X4 + X5 + Xe) + 1{X4 - X5 + X6))52 + X3{x4 + X5 - X6)7r-^ 

5X3 

4 Vax4 0x5 axg 
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Now write g2 = xf'gs ^ 0, with m G N U {0} and xs] g^. We get 

Ui-Xi + X5 + Xq) + /(X4 - X5 + Xq) + m{xi + - X6))s'3 

/ , -.dgs k - I / dgs _ dgs _ dg-, 

+ X2,[X4, + X^ - Xq)- \ F12 ' 

0x3 4 

Let 53 = 531x3=0 ^ 0. Then, on X3 = we have 



8x4 ~^ 8x5 ~^ dxQ 



0. 



Ui-XA +X5+ Xq) + l{Xi -X^+ Xq) + m{x4^ + X5 - XQ))g^ 

-- 0. 



H — -^123 



dgz ^ dg3_ ^ dgs 
dxi 8x5 dxQ 



Applying Lemma U] we obtain g'3 = 0, a contradiction. Hence gi = {) and the lemma follows 
in this case. 

If J = 1 then equation ()14p becomes 

, - , , dgi , , dgi 

(-3:4 + + XQ)gi + Xi(-X4 + X5 + Xq)- h X2(X4 - X^ + Xq)- 

OXi 0x2 



, \ dgi , , vg\ 

+ a:;3(x4 + 3:5 - xe)^ h - n22;2)ir — 

0x3 (7x4 

(951 , k-1 f dgi , 5^1 , Sgi 



dgi 



- n2X2(xi - 71.2x2)^ h —r^F 

0x5 4 

Let 5i = 5i|xi=o ^ 0. On xi = we have 



ax4 + 5^^ + a^j+^"^-"^"^W 



0. 



/ N _ / N dgi , , cf/i 

(-X4 + X5 + Xej^l + 2;2(a;4 - X5 + Xq)- h X3(X4 + X5 - Xq)- — 

ax2 ax3 



dgi 



^dgi k-1 
0x5 4 



dxi 8x5 dxQ 



Write gi = X252 ^ 0, with / G N U {0} and X2 f 52- We get 



X2 



dh2 

n2X2T, — = 0. 
0x4 



dg2 



((-X4 + X5 + Xq) + /(X4 - X5 + X6))fl'2 + 2;2(x4 - X5 + X6)t^ 

dX2 



992 



+X3(x4 + X5 - xe)^ + 2:2^ + '—j^Fi ( ^ + ^ + ^ 



/fc- 1 



9x, 



'(9x 



9x4 9x5 9xf 



(15) 



9/12 
n2X2^ — = 0. 
0x4 



We distinguish three cases depending on the value of L If / > 1 then X2 
/i2 = 0. Thus, from (jlSp . 

dg2 



dh2 
dxA 



Hence 



((-X4 + X5 + Xe) + /(X4 - X5 + X6))5'2 + 2:2(3:4 - X^ + Xq) 



8X2 



, , .dg2 ^ 2^92 k - I ( dg2 8g2 8g2 

X3(X4 + X5 - Xq)- h X2^ \ —Fi h ^ h ^— 

4 V 9X4 9X5 9X6 



0. 



9X3 9X5 

Similar arguments to those used before lead to an equation of type and hence applying 
Lemma m we get a contradiction. Therefore 51 = and the lemma follows. 

If / = then we can use the same arguments to arrive from equation (jlSp to an equation 
of type dH, and hence applying Lemma H] we get a contradiction. Therefore 51 = and 
/12 = 0, so the lemma follows. 
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It only remains to consider the case 1 = 1. Let 52 = 521x2=0 ^ 0. From equation (fT5]) on 
X2 = we have 



2x652 + X3{xi + X5- xq)- \ 7—F12 t; h h ^ — - n2^ — = 0. 

0x3 4 \ox4 0x5 oxe J 0x4 

Write §2 = xfgs ^ 0, with m G N U {0} and x^ f 5^3. We get: 

(2x6 + "T-(2;4 + - xe))g3 + a^3(a^4 + 2:5 - a^6)f^ 

0x3 



^ - I j. f dgs _^ dgs _^ dgs 
4 I 5x4 5x5 (?a;6 



5/12 . 
n2^— = 0. 
ax4 



If m > then X3 
hence by Lemma 



dh2 

— — , and hence h2 = 0. Therefore we obtain an equation of type dH) and 
ax4 

Hwe get gi = 0. If m = 0, let g^ = 531x3=0 ^ 0- On X3 = 0, we have 



k — 1 ^ ( dq-x do'i dq-i \ 9/i2 

2x653 + ^i^i23 hr^ + TT^ + TT^ - "27r^ = 0. 
4 \ax4 0x5 ax6 / 0x4 



(16) 



As /i2 = h2{x4 — xq) is a homogeneous polynomial of degree n, we have /12 = ao(x4 — X6) 



dh 

Thus — — = aon(x4 — X6)"^^. On X6 = equation (fTUj) writes 
ax4 



k-l 



(x -X f i — + — + — 
V 9x4 9x5 dx" 



X6=0 



n2aonx2 = 0. 



Therefore we must take ag = and hence /12 = 0. Now equation (116p is of type ([4]) and 
hence by Lemma [4] we get 51 = and the lemma follows. □ 

After Lemma [8] statement (c) of Theorem [2] is proved, as it follows that h = 0. 

3.4. Proof of statement (d) of Theorem [2l According to Table [H Bianchi cases VIII 
and IX correspond to ni = 122 = ng = 1 and can be written into the form 



Xl = Xi(-X4 + X5 + X6), 
X2 = X2(X4 - X5 + X6), 

3^3 = a;3(a;4 + X5 - xq), 

X4 = xi(xi - X2 - ^3x3) H ^F, 

N k-l ^ 

X5 = X2[-Xi +X2- 713x3) H — F, 



(17) 



/ ^ k-1^ 
xe = n3X3(-xi - X2 + 713X3) H — F, 



where F = xf + Xg + X3 — 2xiX2 — 2713X1X3 — 2723X2X3 + x| + X5 + Xg — 2x4X5 — 2x5X5 — 2x4X6 
and = 1. Let h = h{xi, ■ ■ ■ ,xq) be a homogeneous polynomial first integral of degree 
n of system (fTTl) . Write h = hi{x2,-" ^xq) + x{5i(xi,-- - ,xq), with j £ N, hi and gi 
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homogeneous polynomials and xi \ gi. System (fT7|l on xi = becomes 

±2 = X2{xi - X5 + Xq), 
X-S = X-siXi + X5- Xq), 

Xi = — : — Fi, 

4 (18) 

X5 = X2{X2 - ns^s) H —^1^ 

X6 = -nsX3[X2 - nsxs) H ^-^i' 

where Fi = F\xj^=o. System ([18]) admits hi = hi{x2,--- ,x%) as first integral. Write 
hi = h2{xs, ■ ■ ■ ,xq) + X2g2{x2, ■ ■ ■ ,xq), with / G N, /12 and §2 homogeneous polynomials 
and X2 1 52- System on X2 = becomes 

X3 = XsiXi + X^ - Xq), 
X4 = -^Fi2, 

. (19) 
x^ = — — F12, 



X6=xl+ '-^Fi2, 

where F12 = -Fi|x2=o- We note that /i2 = h2{x3, ■ ■ ■ ,xq) is a first integral of system ([T9|). 
Write /i2 = /i3(x4, X5, xe) + x™g(3(x3, X4, X5, xg), with m G N, /is and gs homogeneous 
polynomials and X3 f (73. System (fT9|) on X3 = is 

X4 = -^—Fi23, 

X5 = ^Fi23, (20) 

k-l 
X6 = ^ F123, 

where F123 = Fi2\x-j=o- Note that /13 is a polynomial first integral of system ([20|) . Since 
system (j20p admits the two independent first integrals X4 — X5 and X5 — xg, any polynomial 
first integral of (pO|) must be a polynomial in the variables X4 — X5 and X5 — xg. Therefore 

hs = h3{x4, - X5,X5 - Xq). 

The next three lemmas end the proof of statement (d) of Theorem [2j The first one shows 
that /i2 = h2{x4 — X5). 

Lemma 9. For system (I19p we have that 53 = and h^, = /i3(x4 — X5). 

Proof. Suppose that 53 ^ 0. We recall that /12 = h-i{x4 — X5, X5 — xg) + x^(73(x3, X4, X5, xg), 
where m S N and X3 f (73 . As /12 is a first integral of system (|19p , we have 

' ( , ^ I r , ^dg3 2^93 

m(X4 + X5 - Xg)5t3 + X3(X4 + X5 - Xg)- h X3- — 

ax3 axg , , 

(21) 



k-l 



- I j. f dg3_ ^ dg3_ ^ dg3_ 

4 I 5X4 5X5 C^3;6 



'9xfi 



+ x^^ = 0. 



We distinguish three cases depending on the value of m. 
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If m = 1 then 



. , ^ , ^ I Sufi's , 2^53 

{X4 + X5- X6)53 + X3{X4 + X5 - Xe)- h ^37: 

0X3 OXq 

Let 53 = 531x3=0 ^0. On X3 = we have 

, , _ k — 1 ^ / dg-i dgs dg^ \ 

[X4 + X5 - X6)53 H ^-f^l23 ^ \- h ^— = 0. 

4 \OX4 0X5 OXq J 

dh 

Applying Lemma U] we get ^3 = and hence gs = 0- Consequently — — = and the lemma 

OXq 

follows in this case. 



If m > 2 then from (j2ip we have X3 



dh 

— — and so = /i3(x4 — X5). Now from equation 

8X6 

(j2T]) on X3 = we get an equation of type (jl]), hence applying Lemma [H we get (73 = and 
the lemma follows in this case. 
If m = 2 then from (12111 we have 



2{X4 + X5 - X6)53 + X3{X4 + X5 - ^e)^ + 

k — 1 ^ ( dq-i dq-x dq% \ dh-x 

+ ^i^l2 U^ + 7f^ + l^ +^ = 0- 

4 \ox4 ax5 axg / axe 
Let 53 = 531x3=0 ^ 0. On X3 = we obtain 

— 1 ^ / dqz dqs dqs \ dhs 



4 \ 9x4 9x5 J 9x,_ 

dh 

Applying Lemma [5] swapping X5 and xq we get — — = and 53 = 0. Hence h^ = /i3(x4 — X5), 

dX6 

53 = and the lemma follows in this case. □ 

The second lemma shows that hi = 0. 
Lemma 10. For system (jlSp we have that 52 = and /12 = 0. 

Proof. Suppose that 52 ^ 0. We recall that hi = /i2(x4 — X5) +X2g2, with / G N and X2 f 52- 
As /ii is a first integral of system (jlSp . we have 

X2 



, , , , 9(72 9(72 9(72 

H2;4 - 3:^5 + a;6)5'2 + X2[X4 - X5 + ^e)^ + a;3(a;4 + X5- + X2{x2 - "-3^3)^ 



. -.992 k - I ( dg2 dg2 dg2 

n3X3(X2 - ^3X3)- ^ —Fi h ^ h ^— 

axe 4 ^0x4 0x5 axg 



9/12 

+ 2;2(X2 - ^3X3)^ — = 0. 

9X5 



We distinguish two cases depending on the value of /. If / > 1 then X2 



9/l2 

— — = 0, which means that /12 = 0. Substituting in the equation above we have 

9X5 

/(X4 - X5 + X6)S'2 + 2;2(X4 - X5 + XejT^ \- X3{X4 + X5 - X^jT. 

9X2 9X3 



p and hence 

9X5 



9^2 . dg2 k-1 



9x5 9x6 4 V (9x4 9x5 9x, 



+ X2{X2 - n3X3)^ - n3X3(x2 - ^3X3)^ + '—^Fi ( + ^ + ^ ) = 
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The usual arguments lead to equation (jl]), hence we obtain 52 = by Lemma [H 
If ^ = 1 then we have 

/ N / N dg2 , ^ dg2 , . dg2 

{X4 - 0:5 + XQ)g2 + X2{X4 - X5 + Xe)- h X3{X4 + X5 - Xa)- h X2{X2 - ^3X3)7: 

0x2 OXs 0x5 



I dg2 k-1 

- n3Xs{x2 - nsxs)- \ —Fi 

0x6 4 

Let g2 = 521x2=0 ^ 0. On X2 = we have 



dg2 dg2 dg2 \ dh2 

a ^ a ^ ] +{X2- nsXs}—- = 0. 

0x4 0x5 oxq I 0x5 



( , ^- I ^ , ^d92 odg2 

(X4 - X5 + X6)5'2 + 2;3(X4 + X5 - X(i)- h X3- 

0X3 OXq 



+ ——F12 



dg2 , dg2 , dg2\ «9/i2 

^ ^ ^ ^ ~ ^32;3^— = 0. 

0x4 0x5 axe / 0x5 



(22) 



Write 9^2 = x^gz ^ 0, with m G N U {0} and X3 \ 53. Then 

((x4 - X5 + xe) + m(x4 + X5 - X6))5'3 + 2;3(x4 + x^- xe)^ 

dX3 



^ ^2^g3 ^ k- I ^ / dgs ^ dgs ^ dg^ 
^ dxQ 4 1(9x4 dx^ dxQ 



dh2 ^ 
n3X3- — = 0. 
0x5 



Now we distinguish three cases depending on the value of m. If m = then we are in ([22 
again and the usual arguments lead to (72 = and /i2 = 0. 



If m > 1 then X3 



— — ^ and hence = 0, which means that /12 = 0. Then we have 
0x5 0x5 



((x4 - X5 + xe) + m(x4 + X5 - X6))5'3 + 2:3(3^4 + X5 - xq)- — 

0x3 

^dxQ 4 \dx4 9x5 dxQ 
The usual arguments finish the proof in this case. 
Finally if m = 1 then we have 

dgs . 2^93 k - 1 ( dg 



2x453 + a;3(a;4 + 2:5 - ^e)^ + ^3^ + 



'12 



8x4 ~^ 9X5 ~'~ 9X6 



dh2 
0x5 



Let 53 = 531x3=0 ^0. On X3 = we have 



k — 1 
2a;453 H z — -?^123 



dgs ^ dg3_ ^ ^53 \ _ ^ dh2 ^ ^ 

9X4 9X5 9X6 / 9X5 



As /i2 = /i2(2^4 — 2:5) is a homogeneous polynomial of degree n, we have /12 = 0.0(2^4 — a^s)"- 
Hence 



A; - 1 ^ f dgs dgs _ dga 



2X453 H ^^123 



a + ^ ^ "5 — + "'3ao"'(2;4 - X5) 

0x4 9X5 9X6 



n-l 



0. 



On X4 = we have 
k-1 



I 9X4 9X5 9X6 J 



+ n3aon(-X5)" ^ = 0, 



X-4=0 



which means that ao = 0. Therefore /12 = 0. The equation is now of type dH and leads to 
g'2 = by Lemma m 

All the subcases are considered and the proof of the lemma is finished. □ 
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The last lemma shows that gi = and therefore that h = 0. 
Lemma 11. For system (jl7p we have that gi = 0. 

Proof. Suppose that gi ^ 0. We recall that h = x\gi, with j G N and xi \ gi, is a first 
integral of system p7|) . Then 

J[-X4 + X5 + XQ)gi + Xi[-X4 + X5+ ^(>)-g^ + X2[X4 - X5 + ^G)^^ 
+ X3(X4 + X5- Xe)- h Xi{xi -X2- ^3X3)- — 

0x3 0x4 
+ X2{-xi +X2- n^xs)- h n^xsi-xi - X2 + n-sx^)- — 

0X5 OXq 

k — I ^ / dgi dgi dgi \ ^ 
4 \dx4 9x5 dxQ J 

Let gi = 511x1=0 ^ 0. On xi = we have 

. , X _ . X dgi , , dgi 

j(-X4 + X5 + xejgi + X2(x4 - X5 + xe)^ h X3(x4 + X5 - xe)^ — 

dX2 C/X3 

I /' , , , xdgi k - \ ( dgi dgi dgi\ 

+ X2(X2 - ^3X3)- V n3X3(-X2 + n^^X'^,)- \ — Fi h -7. V 7^ = 0. 

axs ax6 4 \ 6x4 0x5 axe / 

Write gi = x^52 ^ 0, with / G N U {0} and X2 f 52- We get 

(j(-X4 + X5 + Xe) + /(X4 - X5 + X6))g2 + X2{X4 - X5 + Xe)^ 

0x2 

. , x592 , . .dg2 

+ X3(X4 + X5 - Xe)^ h X2(X2 - ".3X3)7: 

ax3 ax5 

9(72 — 1 / dg2 dg2 dg2 \ 

+ n3X'i{-X2 + ?^3a;3)^ \ -^Fi h ^ h ^— = 0. 

dx% 4 \ ax4 ax5 axe / 

Let 52 = 521x2=0 ^ 0. On X2 = we have 

(j(-X4 + X5 + Xe) + /(X4 - X5 + X6))52 + X3(x4 + X5 - Xe)^^ 

dX3 



^ ^2^92 ^ p ( ^32 ^ dg2 ^ dg2 

^9x6 4 \9x4 9x5 dxQ 

Write 52 = 2^3*53 ^ 0, with jn E N U {0} and X3 f 53. We get 

U{-X4 + X5 + Xq) + 1{X4 - X5 + Xe) + m(x4 + X5 - X6))53 

+ r ^ T r ^ 2 953 A: - 1 / 9^3 ^53 ^53 \ _ 
+ X'i{X4 + X5 - Xq)- h X3- 1 — l<i2 t; 1- -7\ 1- t; — — U. 

9X3 9X6 4 \9X4 9X5 9X6 / 

Let 53 = 531x3=0 ^0. On X3 = we have 

{j{-X4 + X5 + X6) + /(X4 - X5 + X6) + m(x4 + X5 - X6))53 

k — 1 ( dqz dq-x dq-x \ 

4 \ 9X4 9X5 9X6 / 

We can apply Lemma [H Hence the lemma follows. □ 
After Lemma [TTl we get /i = 0. Thus the proof of statement (d) of Theorem[2]is finished. 
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